Abstract. In this paper, we extend Ginzburg-Rallis' integral representation for the exterior cube automorphic L-function of GL6 × GL1 to that of the quasi-split unitary similitude group GU6 and establish its analytic properties to determine the poles of this L-function. Furthermore, we introduce the automorphic induction for automorphic representations of GUn and then show that the weak Langlands functorial lift for the automorphic induction exists for generic cuspidal automorphic representations. By using this automorphic induction, we give a conjectural criterion on the existence of poles of L(s, π, ∧ 3 ⊗ χ) for discrete automorphic representations in the tempered spectrum.
Introduction
Let F be a number field and E = F [ √ τ ] be a quadratic extension of F , whose Galois group Gal(E/F ) is generated by a non-trivial automorphism ι E/F : x →x. The ring of adeles of F is denoted by A, while the ring of adeles of E is denoted by A E . Denote J 2n to be the skew-symmetric matrix of size 2n × 2n
, where w n = w n−1 1 .
Define the unitary similitude group GU 2n of skew-Hermitian type with respect to J 2n GU 2n (F ) = {g ∈ Res E/F GL 2n (F ) :
where Res E/F GL 2n is the Weil restriction of GL 2n from E to F and λ(g) ∈ G m is the similitude factor of g. Note that GU 2n is quasi-split over F . Denote L GU 6 = GU 6 (C) Gal(E/F ) to be the L-group of GU 6 . Let ∧ 3 be the exterior cube representation of GL 6 (C). The representation ∧ 3 is irreducible and of dimension 20. It can be extended to a representation of GU 6 (C). In Section 3.1, we will show that there are only two irreducible representations of L GU 6 of dimension 20, whose restriction to GU 6 (C) is isomorphic to ∧ 3 . We denote them by ∧ 3 and ∧ 3 ⊗ ω, where ω is the non-trivial character of Gal(E/F ). The main purpose of this paper is to study this automorphic L-functions L(s, π, ∧ 3 ⊗ χ) for irreducible cuspidal automorphic representations π of GU 6 (A) in the tempered spectrum, where χ is a unitary automorphic character of GL 1 (A).
To make our computation more understandable, let us give a representationtheoretic explanation for the global integral Z(s, ϕ π , φ χπ ), before we formal definition Ginzburg-Rallis' integral for GU 6 in Section 2.1.
Let H be the subgroup G ι E/F of G consisting of elements fixed by the Galois conjugate. Then H is isomorphic to the symplectic similitude group GSp 6 . Denote by P the standard Siegel parabolic subgroup of H. Let ϕ π be the factorizable vector in π and φ χπ ∈ Ind GSp 6 (A) P (A) χ π | · | s , where χ π (given in (2.3)) is a character defined by χ and the central character ω π of π. The global zeta integral Z(s, ϕ π , φ χπ ) is a GSp 6 (A)-equivariant linear functional in Hom GSp 6 (A) (π ⊗ Ind
where GSp 6 is the diagonal embedding of GSp 6 into GU 6 × GSp 6 . More precisely, for g ∈ GSp 6 (A), Z(s, g * ϕ π , g * φ χπ ) = Z(s, ϕ π , φ χπ )
where * is the right translation. Here Ind GSp 6 (A) P (A) χ π |·| s produces an Eisenstein series E(φ χ , λ s ) on GSp 6 , which is involved in the global zeta integral. It is easy to see that if π is not generic, then the global integral Z(s, ·) is identically zero. Thus, we need to establish the analytic properties for Lfunctions for generic cuspidal representations first, and then extend those results to the cuspidal representations in the tempered spectrum via the endoscopic classification of GU n .
Compared with the general linear group case in [10] , one of main difficulties in this paper is to evaluate the local zeta integral Z ν (s, ·) over unramified places. When ν is split over E, GU 6 (F ν ) is isomorphic to GL 6 (F ν )×GL 1 (F ν ) and the unramified calculation has been done in [10] . Over the inert places ν, the Casselman-Shalika formula for GU 6 (F ν ) is given in terms of the characters of GSpin 7 (C). The exterior cube L-factor of GU 6 (F ν ) can be written as a product of the Spin L-factor and the standard L-factor of GSp 6 (F ν ), up to a zeta factor. Hence the computation of local L-factors at inert places is similar to the scenario in [4] . We use Pierre's lemma for GSpin 7 (C) and representation-theoretic arguments to establish the identity between the local zeta integral Z ν (s, W ϕ , φ χν ) and the local exterior cube L-factor. That is, the global zeta integral equals
where S is a finite set of places of F including all ramified places and archimedean places. Next, we follow standard arguments on the analytic properties of the local zeta integrals over the places in S, and use the location of possible poles of E(φ χ , λ s ) on GSp 6 . Then we obtain the following theorem. Theorem 1.1. Let π be a generic cuspidal automorphic representation of GU 6 (A). Then L S (s, π⊗χ, ∧ 3 ) is entire unless ω π χ 2 is a nontrivial quadratic character of GL 1 (F )\GL 1 (A), in which case L S (s, π ⊗ χ, ∧ 3 ) can have at most a simple pole at s = 0 or s = 1.
After we locate the possible poles of L S (s, π ⊗ χ, ∧ 3 ), similar to [10] and [33] , a natural question is to ask for a criterion on the existence of the poles of the L-functions. Another difficulty we encounter in this paper is to determine the pole of L S (s, π ⊗ χ, ∧ 3 ) by Langlands functoriality and then to extend the results to the tempered spectrum.
More precisely, assume that L S (s, π ⊗ χ, ∧ 3 ) has a pole. To determine the poles for the unitary similitude group case, we need to consider the Langlands functoriality depending on the quadratic extension E + associated to ω π χ 2 in Theorem 1.1. If E + ∼ = E, then π is an endoscopic lifting of G(U 3 × U 3 ), which is a new case compared to GL 6 case in [10] . If E + E, we have a quartic extension K = E + ⊗ F E over F . In this case, π is expected to be an automorphic induction of Res E + /F GU 3 defined over a Hermitian space over K.
To establish the criterion of the poles and extend Theorem 1.1, we study the endoscopic classification of GU n first. Following Mok's endoscopic classification of discrete automorphic representations of U n (A) in [21] and using Xu's framework in [31] and [32] , in Section 5.2, we give an expected conjectural endoscopic classification of discrete automorphic representations of GU n (A) in its tempered spectrum, where automorphic representations share the same Arthur parameters with generic cuspidal automorphic representations. Remark that the endoscopic classification of GU n has been studied in many literatures such as [5] , [22] and [25] . Based on the endoscopic classification of GU n , we are able to extend Theorem 1.1 to all tempered automorphic representations.
Second, to determine the poles of L-functions, let us study the generic vector v 0 in the irreducible representation ∧ 3 of L GU 6 . That is, ∧ 3 ( L GU 6 )·v 0 is the open dense orbit in ∧ 3 (C 6 ). Its stabilizer is the following subgroup of L GU 6 [[((
consisting of all tuples (g 1 , g 2 , j , a, ι i E/F ) satisfying a det(g 1 ) = a det(g 2 ) = 1, and =
. Note that ((GL 3 × GL 3 )
) is a subgroup of GL 6 . Therefore, for any cuspidal automorphic representation π with a generic global Arthur parameter φ, L(s, π, ∧ 3 ⊗ χ) has a pole at s = 1 if and only if the image of (∧ 3 ⊗ χ) • φ is contained in the subgroup (1.2) . This leads us to the automorphic induction of tempered automorphic representations of Res E + /F GU 3 .
Hence, we conjecture the following criterion Conjecture 1.2. Suppose that π is an irreducible cuspidal automorphic representation of GU 6 (A) in the tempered discrete spectrum defined in Conjecture 5.9. Then L S (s, π, ∧ 3 ⊗ χ) has a pole at s = 1 if and only if π is an automorphic induction i E + /F,ξ (τ ) from an irreducible cuspidal automorphic representation τ of GU
•
K/E + (3, A F ) in the tempered discrete spectrum and L(s, i F (ω τ ) ⊗ χ) has a pole at s = 1.
Here the automorphic induction i F (ω τ ) is an automorphic representation of GL 2 (A), K = E ⊗ F E + and E + /F is the quadratic extension associate to the non-trivial quadratic character ω π χ 2 , and ω τ is the central character of τ .
To establish Conjecture 1.2, one needs to know, for instance, the criterion of existence of poles of L(s, τ 1 ⊗ τ 2 , ∧ 2 ⊗ St) for GL 4 × GL 2 (cf. Example 6.3.1), where St is the standard representation of GL 2 (C) and ∧ 2 is the exterior square of GL 4 (C). We expect that the full proof of Conjecture 1.2 is long and complicated, and hence we leave it for the future work.
Analogous to Conjecture in [10, Section 4], we also conjecture that L(
is nonzero if and only if the period integral over certain unitary GinzburgRallis model is not identically zero. By using a similar argument in [23] for the general linear case, one can establish that if the period integral is nonzero, then L S ( 1 2 , π, ∧ 3 ⊗ χ) = 0, under certain conditions. The local multiplicity problems of the analogy of the Ginzburg-Rallis model for the unitary group and the unitary similitude group cases have been studied in [30] .
Finally, remark that this exterior cube L-function also can be obtained by Langlands-Shahidi method. For more details, the reader can refer to [14] . However, it is worth to mention that the integral representation of L-functions and the period integral of the residual of L-functions in Corollary 4.4 have many applications, such as studying the arithmetic properties of special values of automorphic L-functions and the ∧ 3 -trace formula of GU 6 (A) discussed in [13] and [2] , respectively. In addition, since Conjecture 6.5 determines all tempered automorphic representations of GU 6 (A), one expects to match the spectrum side of ∧ 3 -trace formula of GU 6 (A) with the spectrum side of the stable trace formula of GU
The paper is organized as follows. In Section 2, analogous to the GinzburgRallis' integral, we define the global zeta integral for the GU 6 case and obtain its Euler product. In Section 3, we introduce the exterior cube local L-function of GU 6 and compute the local L-factor over unramified places. Then we study the analytic properties of the partial L-function L S (s, π, ∧ 3 ⊗ χ) and give a necessary condition on the existence of poles of the partial L-function L S (s, π, ∧ 3 ⊗ χ) in Section 4. In Section 5, we give a conjectural endoscopic classification of discrete automorphic representations of GU n in its tempered spectrum. In Section 6, we introduce the automorphic induction for GU n and show the existence of poles of cuspidal automorphic representations in tempered discrete spectrum. Finally, we state a conjectural criterion on the existence of pole of L(s, π, ∧ 3 ⊗ χ) at s = 1 in terms of the automorphic induction.
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Integral representation
In this section, we introduce the global zeta integral analogous to the GL 6 case in [10] and obtain its Euler product when Re(s) is sufficiently large. In this paper, we focus mainly on the group GU 6 , simply denoted by G. Take the symplectic subgroup H of G defined by
which is the invariant subgroup under the Galois conjugation g →ḡ.
2.1. Global zeta integral. Denote P = M V to be the standard Siegel parabolic subgroup of H consisting of elements of form ( * * * ). Its Levi subgroup
where g * = w 3 t g −1 w
for g ∈ GL 3 . Its unipotent radical V consists of elements of form
where X ∈ M 3×3 satisfies X = w 3 t Xw −1
3 . Let δ P be the modular character of P . Then δ P (a, g) = |a| 6 | det(g)| 4 , where | · | is the absolute value over A.
Let χ be a character of GL 1 (F )\GL 1 (A), extended to be a character of M (A). We will specify the extension later. Following the notation of [20] (see I.2.17), we take an automorphic form
and form, for λ s ∈ X M , the Eisenstein series on H(A) by
More precisely, we take for m = (a, g) ∈ M (A)
Here we follow the normalization in [24] and use 4s − 2 to replace s in [10] . The theory of Langlands on Eisenstein series shows that E(φ χ , s) converges absolutely for Re(s) large and has a meromorphic continuation to the complex plane C. Let N G (resp. N H ) be the maximal unipotent subgroup of G (resp. H) consisting of all upper unipotent matrices. Fix a nontrivial character ψ 0 of F \A and define a character ψ N of N G (A) by
where n = (n i,j ) ∈ N G . Let π be an irreducible generic cuspidal automorphic representation of G(A), whose central character is denoted by ω π . Note that the maximal diagonal torus acts transitively on the set of non-degenerate characters of N G (F )\N G (A).
Let χ be a unitary character of GL 1 (F )\GL 1 (A). Define χ π to be a character of M (A) given by
where ω π is restricted into GL 1 (F )\GL 1 (A). Then for z ∈ Z(A)
where Z (or Z H ) is the center of H. The Eisenstein series is normalized as the following
where S is a finite set of all archimedean places and ramified places such that outside S all data are unramified, and
is the partial L-function. Referring to [9] for instance, the poles of the normalized Eisenstein are given as follows.
Lemma 2.1 (Lemma 5.4 [9] ). For Re(s) ≥ 0,
has a simple pole at s = 1; (3) if ω π χ 2 = 1, then E * (φ χπ , λ s ) has a simple pole at s = 1 and s = 2.
Let ϕ π be a cuspidal automorphic form in π. Write ι to be the involution of G given by 4) and is simplified as Z(·) if no confusion is caused. In addition, we may use the partial L-functions
The eulerian property of the global integral. For Re(s) sufficient large, we are able to unfold the Eisenstein series
Here for an algebraic group X, as a convention [X] denotes the quotient X(F )\X(A). Write V G = {v(X) | w 3 tX w 3 = X, X ∈ Res E/F M 3×3 }, the unipotent subgroup of G. It can be decomposed as
Applying the partial Fourier expansion of
t gw 3 Ag, and then it has two orbits. We choose representatives v(0) = I 6 and v(α 1 ) where 8) and their stabilizers are M (F ) and L 1 (F )V + 1 (F ) respectively, where
After changing variable, by the automorphy of ϕ π , we rewrite (2.7) as
Similar to Page 248 in [10] , this Fourier expansion is absolutely convergent for Re(s) sufficient large, due to the estimation on the cuspidal form ϕ π in [20] . We may replace ϕ π by its Fourier expansion, combine the integrals 
Due to the cuspidality of ϕ π , the term (2.10) equals 0. Then Z(·) equals the term (2.11).
Next, we will perform the above Fourier-expansion process several times. For simplicity, we will skip repeated details. Set V 
Following a similar Fourier-expansion process, we have Z(·) equal to 13) where
Let us combine the integrals over unipotent subgroups,
Now we apply the technique of 'exchanging roots' (see Chapter 7 [11] for instance). Because 
Take the Fourier expansion on [ι(V 3 )]. Similarly, L 2 (F ) acts on the character group of [ι(V 3 )] with two orbits. The trivial character eventually contributes 0 to the global zeta integral, due to the cuspidality of ϕ π . The stabilizer of L 2 (F ) on non-trivial characters is identity. Choosing the char-
where W ϕ (g) is the Whittaker function of ϕ π with respect to ψ N .
Finally, we may define the local zeta integral by
Remark that the inner integral considered as a function of the variable g ν is left N H (F ν )-invariant. That is because the restriction ψ N (defined in (2.2)) into v 1 (x, y) (in (2.9)) and v 2 (x) (in (2.12)) are trivial. The calculations discussed previously can be summarized as follows.
Proposition 2.2. Let π be an irreducible generic cuspidal automorphic representation of G(A) and ϕ π be a cuspidal automorphic form of π. Assume that ϕ π is factorizable. Then for Re(s) sufficient large, the global zeta integral Z(s, ϕ π , φ χπ ) is eulerian, that is,
where the product is taken over all local places ν of F .
Unramified Local L-functions
In this section, we start with recalling the definition of the L-group L GU n and explicate the exterior cube representation of L GU 6 . Then we will explicitly write down the local exterior cube L-functions of the unramified representations. After that, we will compute the local zeta integral Z ν (·) over all unramified places and obtain the desired exterior cube L-function.
3.1. The twisted exterior cube representation. Referring to [16] 
σ , where
where we write σ to ι E/F in Gal(E/F ) for short. It is well known that all irreducible representations of GL 2n (C) are parameterized by partitions (r 1 , r 2 , . . . , r 2n ) where r 1 ≥ r 2 ≥ · · · ≥ r 2n . For instance, the n-th exterior power ∧ n of GL 2n (C) corresponds to the partition (1, . . . ,
For an irreducible representation ρ of GL 2n (C), denote ρ m to be an irreducible representation of GL 2n (C) × GL 1 (C) extended by
We generalize Lemma 2.1 in [16] to the following lemma. 
Note that in general the extension of ρ m is not unique. Following the proof of Lemma 3.1, ∧ n can be extended to an irreducible representation of L GU 2n . First we extend ∧ n to a representation of GL 2n (C)× GL 1 (C) via (g, a) → a ∧ n (g), still denoted by ∧ n for simplicity. Let ρ 1 be an extension of ∧ n to L GU 2n . We will give an explicit description of ρ 1 .
Let {e 1 , e 2 , . . . , e 2n } be the standard basis for C 2n . Then
is a basis for ∧ n (C 2n ). For v = e i 1 ∧ e i 2 ∧ · · · ∧ e in and w = e j 1 ∧ e j 2 ∧ · · · ∧ e jn in B n , define the bilinear form q by
We have q(v, w) = (−1) n q(w, v) = ±1, and for g ∈ GL 2n (C)
Thus, q(·, ·) is a symplectic (resp. symmetric) form of ∧ n (C 2n ) if n is odd (resp. even).
Write N = dim ∧ n (C 2n ) in the rest of this section. Let S be the linear map associated to q defined by, for all i 1 < i 2 < · · · < i n ≤ 2n,
, where
Plugging (3.4) into (3.5), one has that A −1 · S · ∧ n (J 2n ) is commutative with the image ∧ n (GL 2n (C)). Since ∧ n is irreducible, by Schur Lemma,
In particular, denote ∧ n to be the extension of ρ 1 to an irreducible representation of L GU 2n such that
Then we have the following Lemma 3.2. The extensions ∧ n and ∧ n ⊗ω are the only two non-isomorphic irreducible representations of L GU 2n .
Proof. Let ρ 1 be an extension of ∧ n . Following the above discussion, there are only two choices for the image ρ 1 ((1, 1, σ)). Hence it suffices to show that ∧ n and ∧ n ⊗ ω are not isomorphic. We only need to show that S · ∧ n (J 2n ) and −S · ∧ n (J 2n ) are not conjugate in GL N (C). Write A = S · ∧ n (J 2n ). Then A = t A and A 2 = I N , which implies that A is diagonalizable and has only eigenvalues ±1.
We will show that dim ker(A − I N ) = dim ker(A + I N ), where dim ker(A ± I N ) is the dimension of the eigenspaces with respect to ±1. Denote B ± = {v ∈ B n : A(v) = ±v}, where B n is the basis (3.1) and B c = B n (B + ∪ B − ). Remark that B + ∪ B − is not empty for all n ≥ 1. Under the action of A, we have the decomposition
Restricted to the subspace Span C B c , due to A 2 = I N , A has the same dimensions of the eigenspaces with respect to ±1. It suffices to show that
where
To compute S(e 2n+1−i 1 ∧ e 2n+1−i 2 ∧ · · · ∧ e 2n+1−in ), we need to calculate q(v, e 2n+1−in ∧ e 2n+1−i n−1 ∧ · · · ∧ e 2n+1−i 1 ) by the definition of S. First, we have
. . , n} and {n + 1, n + 2, . . . , 2n} respectively. Due to the symmetry i k + i 2n+1−k = 2n + 1,
(3.9)
Combining (3.8) and (3.9), we have
Composing with (3.7), one has
Therefore, one of the sets B + and B − is empty and #B + = #B − as B + ∪ B − = ∅. It implies that A and −A are not conjugate in GL N (C), and then ∧ n and ∧ n ⊗ ω are not isomorphic.
In order to define the local exterior cube L-factor over unramified places, let us give the details on the case n = 3 based on the proof of Lemma 3.2. Write A = S ∧ 3 J 6 and we have
Also for the remaining 12 vectors in the basis B 3 , one has
A : e 1 ∧ e 2 ∧ e 6 → e 2 ∧ e 3 ∧ e 4 e 1 ∧ e 3 ∧ e 6 → −e 2 ∧ e 3 ∧ e 5 e 1 ∧ e 4 ∧ e 6 → −e 2 ∧ e 4 ∧ e 5 e 1 ∧ e 5 ∧ e 6 → e 3 ∧ e 4 ∧ e 5 e 1 ∧ e 2 ∧ e 5 → −e 1 ∧ e 3 ∧ e 4 e 2 ∧ e 5 ∧ e 6 → −e 3 ∧ e 4 ∧ e 6 . (3.12) Therefore, by (3.11) and (3.12), ∧ 3 ((diag {x, y, z, 1, 1, 1} , a, σ)) is conjuage to a·diag xyz, xy, xz, yz, x, y, z, 1, xy yz , xz yz
Remark that the format of the above semisimple element in GL(∧ 3 C 6 ) does not affect the L-factor of unramified representations.
3.2.
Local L-functions. Let ν be a local place of F . Fix a uniformizer ν of F ν . If ν is inert, then E ν is the unramified quadratic extension of F ν and ν is also a uniformizer of E ν . If ν is split, then ν split as ν 1 and ν 2 and
Assume that ν is inert. Let B = T U be the Borel subgroup of GU 6 consisting of all upper triangular matrices, whose Levi subgroup T consists of elements t := diag t 1 , t 2 , t 3 , at
Over unramified places ν, assume that π ν is the unramified constituent of I(χ 1 ⊗ χ 2 ⊗ χ 3 ⊗ χ 0 ) for unramified characters χ i . Referring to [16] for instance, we have that the Satake parameter of π ν is the semi-simple conjugacy class of
The central character of ω πν is given by
Suppose that ν is split. Referring to Section 2 [16] ,
. Its Satake parameter of the unramified constituent is represented by
The unramified local twisted exterior cube L-function of π ν is defined as the following: when ν is inert, L(s, π ν , ∧ 3 ) −1 equals
and when ν is split,
where χ i ( ν ) is written as χ i for short and q is the cardinality of the residue field of F ν .
Unramified calculation.
In this section, we will compute the local zeta integral Z ν (s, W ϕ , φ ν ) over all unramified places. Suppose that all the data are unramified, i.e ν / ∈ S. We will drop the subscript ν in the rest of this section if no confusion is caused.
Assume that π ν is the unramified constituent of I(χ 1 ⊗ χ 2 ⊗ χ 3 ⊗ χ 0 ) for some unramified characters χ i as in Section 3.2. Let W ϕ be the unramified Whittaker function W π of π ν and φ χ be the spherical function in the normalized induced representation
where the values of W π and φ χ at identity are normalized as 1. Following the normalization (2.5), one has
where ζ(·) is the local ζ-factor. Proposition 3.3. Over a unramified place ν, when Re(s) is sufficiently large, one has
If ν is split, the calculation is the same with Proposition 2.1 in [10] . Hence we will focus on the non-split case here. Suppose that ν is inert in the rest of Section 3.3.
Note that the modular character of the standard Borel subgroup B H of GSp 6 is given by δ H (g) = |a 4 b 6 c 10 | for
Applying the Iwasawa decomposition and the argument similar to Section 2.1 [10] , we can reduce to
Here the generating function K(a) is the evaluation of the integral over x ∈ F , which is
3.3.1. Casselman-Shalika formula for G. To carry on computing Z(·) in (3.20), we need the Casselman-Shalika formula for W π (g) of G(F ) on the diagonal torus of G. Tamir [29] explicitly wrote down the Casselman-Shalika formula for the unitary group case. In [8] , Gan and Hundley gave an interpretation of the Casselman-Shalika formula for the quasi-split groups in terms of certain dual groups. Following those results, Furusawa and Morimoto [7] wrote the Casselman-Shalika formula for GU 4 in terms of the dual group of GSp 4 . Similar to the GU 4 case, we adopt the notation in Page 4135 of [7] to give the Casselman-Shalika formula for GU 6 in terms of the dual group GSpin 7 (C) of GSp 6 . All unexplained notation in this section can be found in [7] . Let T G and T H be the diagonal tori of G and H respectively, Denote ς * to be the homomorphism
By (3.14), we have
for some non-negative integers n i , then W π (g) equals the value of the character of the irreducible representation of GSpin 7 (C) of the highest weight given by
For convenience, we may express W π (g) as the value of the character of the irreducible representation of Spin 7 (C). In fact, we may choose a unramified character χ 0 such that χ 1 χ 2 χ 3 χ 2 0 = 1 is the trivial character, and set
Thens π is of similitude 1 and belongs to Spin 7 (C). As ω π is given by (3.15), we have
Here δ G is the modular character of the Borel subgroup B G of G, ch(n 2 , n 3 , n 1 ) is the character of the representation of Spin 7 (C) of highest weight (n 2 , n 3 , n 1 ), and ch(n 2 , n 3 , n 1 )(s π ) is the value of ch(n 2 , n 3 , n 1 ) ats π . Note that
where 
Here we use ch(n 2 , n 3 , n 1 ) as shorthand for ch(n 2 , n 3 , n 1 )(t π ). For simplicity, write t = ω π ( )
(3.24) On the other hand, let χ be the restriction of χ 1 ⊗χ 2 ⊗χ 3 ⊗χ 0 into T H (F ) where χ 0 satisfies χ 1 χ 2 χ 3 χ 2 0 = 1 and π H be the unramified constituent of Ind
Since π H is of the trivial central character, we may also consider π H as a representation of PGSp 6 , whose L-group is Spin 7 (C). And the Satake parameter of π H iss π defined in (3.21) . Hence, we may write (3.25) where St and Spin are the standard and Spin representations of Spin 7 (C) associated to the fundamental weights ω 1 and ω 3 respectively. For the reader's convenience, we recall
Remark that our above calculation is independent of the choices of χ 0 as only χ 2 0 is involved. Following from (3.24) and (3.25), Equation (3.18) is equivalent to
Now, applying the Poincarè identity for the right hand side of (3.26), we have
where Sym n is the symmetric n-th power operation and ch Sym n is the character of the corresponding representation. Following Theorem 3.2 and the table in Page 13 of [3] , one has the decomposition
A k · B m and then
Default C r = 0 for r < 0. By simple manipulations, we have
Hence, combining (3.27) and (3.28) and continuing (3.26) , to prove Proposition 3.3, it is enough to show
3.3.2. Pieri's formula for Spin 7 (C). In this section, we apply an analogue of Pieri's formula for the Spin group to compute the character ch(0, 0, m) · ch(k, 0, 0) and complete the proof of Proposition 3.3. Denote ρ(k 1 , k 2 , k 3 ) to be the irreducible representation of Spin 7 (C) with the highest weight
The analogue of Pieri's formula is applied to decompose
where α and β are dominant weights and m α|β is the multiplicity. In Proof. The proof of this lemma is similar to Proposition 3.5 [4] . Our goal is to obtain the decomposition ρ(α) ⊗ ρ(k, 0, 0) for α = (0, 0, n), i.e.,
Note that ρ(k 1 , k 2 , k 3 ) factors through SO 7 (C) when k 3 is even and it is a spinor representation when k 3 is odd. If β = (k 1 , k 2 , k 3 ) occurs in (3.32) then k 3 has the same parity with n. First, let us verify (3.30) . For the convenience of the reader, we recall Sundaram's algorithm in [28] for m α|β when n is even in (3.32). For each irreducible representation ρ(β) with β = (k 1 , k 2 , k 3 ) with m α|β = 0, we have k 3 is even in this case and associate β with the partitioñ
Here (ν) is the length of the partitionν and |α\ν| is the weight of the partition, that is, the total number of boxes in the horizontal stripα\ν.
In our case,β andν are partitions of the length ≤ 3. Assume thatν satisfies the above conditions forα andβ. Sinceν is contained inα andα\ν is horizontal, we may assumeν
with 0 ≤ r ≤ m. By the other two conditions onν andβ,β must be of form
where ∈ {0, 1} 0 ≤ a ≤ {r, k − − r}. Note that = 1 only happens when r ≤ m − 1, which implies r ≤ m − . Then we obtain the constraints of a, r, on the right hand side of (3.30).
Moreover, given k and m, the partitionβ is distinct when varying a and r. It follows that the decomposition is multiplicity-free, i.e., m α|β ≤ 1. Since the representation corresponding toβ is ρ(k − − r − a, r − a, 2(r − a)), we conclude (3.30) .
Finally, to prove (3.31), we apply Proposition 3.4 of [4] for the spinor representations and obtain the description ofν andβ. Then (3.31) follows from a similar argument of (3.30). We omit the details here.
Proof of Proposition 3.3. In Section 3.3.1, we reduce Proposition 3.3 to verify Equation (3.29), which is equivalent to
where a, r, are given in (3.30) and (3.31) according to the parity of m.
By comparing the coefficients in C[t] of characters ch(n 2 , n 3 , n 1 ) on the both sides, it suffices to show that the coefficient of ch(n 2 , n 3 , n 1 ) in the right hand side (3.33) is equal to
Suppose that n 1 is even. Let us collect all the coefficients of the character of ρ(k −
Poles of exterior cube L-function
In this section, we assume that F is a local field and show that the local zeta integrals Z ν (s, W ϕ , φ) over all local places has the desired analytic properties such as the convergence and their meromorphic continuation. When G is split over F , the case has been considered in [10] . It suffices to prove the analogous results for the non-split case. Throughout this section, assume that E is not split and then G(F ) ∼ = GU 6 (F ) is quasi-split.
Lemma 4.1. Let φ be a standard section and W ϕ ∈ W(π, ψ) be a smooth Whittaker function. Then
(1) Z(s, W ϕ , φ) converges absolutely for Re(s) sufficiently large; (2) It continues to a meromorphic function in the whole plane; (3) For any s 0 ∈ C, there exists a choice of a smooth function W ∈ W(π, ψ) and a K H -finite function φ such that Z(s, W, φ) is not zero at s = s 0 . (4) If F is a nonarchimedean local field, Z(s, W ϕ , φ) is a rational function in q −s and can be made non-zero constant for some W ∈ W(π, ψ).
The idea to prove this lemma is the same as in the proof of Proposition 2.2 of [10] . For our case GU 6 , the main differences are the manipulations on the unipotent subgroups for GU 6 on the way to prove Item (3), and the asymptotic expansion of smooth Whittaker functions W ϕ used in the proof, which is given in the following Lemma. So we omit the proof of Lemma 4.1 here.
Lemma 4.2. There exists a finite set X of finite functions on (E × ) 2 × F × such that for any smooth function W in W(π, ψ), for every ξ ∈ X there exist Schwartz-Bruhat functions θ ξ ∈ S(E 2 × F ) such that a, b, c)ξ(a, b, c) .
(4.1)
The proof of Lemma 4.2 is similar to many cases in literatures. For example, if F is a non-archimedean local field, see Proposition 2.2 [26] for non-archimedean fields and Section 4 in [27] for archimedean cases. Also such an expansion has been considered in [19] for connected split reductive groups over non-archimedean fields. Here we omit the details of the proof. Theorem 4.3. Let π be an irreducible generic cuspidal automorphic representation of GU 6 (A). Then L S (s, π ⊗ χ, ∧ 3 ) is entire unless ω π χ 2 is a nontrivial quadratic character of GL 1 (F )\GL 1 (A), in which case L S (s, π⊗χ, ∧ 3 ) can have at most a simple pole at s = 0 or s = 1.
Proof. Suppose that φ χπ is a standard K H -finite section and unramified outside of S. First, let us study the possible poles of Z * (s, ϕ π , φ χπ ).
Following Lemma 2.1, the normalized Eisenstein series E * (φ χπ , λ s ) has at most a simple pole at s = 1 and s = 2 for Re(s) ≥ 0, so is the normalized zeta integral Z * (s, ϕ π , φ χπ ).
When E * (φ χπ , λ s ) has a pole at s = 2, its residue is a character of H(A) (see Lemma 5.5 [9] for instance). Similar to the proof of Theorem 1 in [6] , the following integral is identically zero,
Hence for all ω π and χ, we have Z * (s, ϕ π , φ χπ ) is entire at s = 2. Suppose that ω π χ 2 = 1. For this case, the argument is similar to Lemma 5.1 of [9] , Denote Q = M Q V Q to be the Klingen mirabolic subgroup of H, whose Levi subgroup M Q consists of elements of form
where a ∈ GL 1 , g ∈ GSp 4 and λ(g) is the similitude of g. Define χ Q (a, g) = χ • λ(g) to be the character of M Q (A). Similar to Section 2, one can form an forms the Eisenstein series on
By Lemma 5.5 [9] for instance, when ω π χ 2 = 1, one has the residue of E * (φ χπ , λ s ) at s = 1 is proportional to E Q (φ χ Q , λ Q,s 0 ) for some φ χ Q and s 0 ∈ C. It suffices to show that
for all φ χ Q and s. For Re(s) large, we may unfold the Eisenstein series E Q to obtain
Following a similar argument of [9, 
According to Lemma 4.1, for each ν ∈ S there exist φ ν and W ν ∈ W(π ν , ψ ν ) such that Z * (s, ϕ π , φ χπ ) is nonzero. This theorem follows from the locations of the poles of Z * (s, ϕ π , φ χπ ) mentioned above and (4.3).
Next, analogous to Theorem 3.3 of [10] , we may use the automorphic period integral to capture the residue of L S (s, π ⊗ χ, ∧ 3 ) at s = 1 for the GU 6 case, when ω π χ 2 is a non-trivial quadratic character. We apply SiegelWeil formula in [17] to replace the residue of E(φ χπ , λ s ) at s = 1 in terms of the theta correspondence, which part is exactly the same as the GL 6 case in [10] . Then one may obtain easily an analogue of Theorem 3.3 of [10] .
Let θ f be the theta function of the metaplectic group Sp 12 (A), where f ∈ S(A 6 ) the Schwartz space on A 6 . Recall that E + is the quadratic extension of F associated to ω π χ 2 , and denote O 2 to be the orthogonal group defined by the norm form on E + , whose F -points are the Z 2 -extension of the norm one one elements of E + . Referring to [17, Corollary 6.3],
Following (4.3), we use the automorphic period integrals to characterize the poles of the exterior cube L-functions.
Corollary 4.4. Assume that ω π χ 2 is a non-trivial quadratic character. If L S (s, π ⊗ χ, ∧ 3 ) has a pole at s = 1, then there exits a choice of ϕ π ∈ π and f ∈ S(A 6 ) such that
Global tempered L-packets of GU n
Different from Corollary 4.4, in next two sections we will use the endoscopic classification and the automorphic induction to characterize the existence of poles of the exterior cube L-functions. To do that, first we extend the endoscopic classification of U n in [21] to the quasi-split unitary similitude groups GU n , via the restriction of representations from GU n to U n , following [31] and [32] .
In general, let G be a connected reductive group defined over F and
and L 2 disc (G, χ) to be its discrete spectrum. Let A disc (G) the set of equivalence classes of irreducible unitary representations π of G(A) occurring in the discrete spectrum L 2 disc (G, χ). The theory of endoscopic classification for classical groups is to parameterize the discrete automorphic representations by means of the global Arthur parameters, which can be realized as certain automorphic representations of general linear groups (their Langlands functorial lifts).
In [1] , Arthur established the local Langlands correspondence for irreducible admissible representations over local fields and the endoscopic classification of discrete automorphic representations when G are symplectic groups and quasi-split orthogonal groups. Mok ([21] ) extended the results of Arthur to the quasi-split unitary group case.
Let G ⊆ G be two connected reductive groups and of the same derived group over F . By using the endoscopic theory, Xu gave a conjectural description of local L-packets of G based on the local L-packets of G in [31] and a conjectural endoscopic classification of tempered automorphic representations of G in [32] . Following the work of Arthur, Xu verified those conjectures for symplectic and orthogonal similitude groups.
In this section, following the work of Mok [21] and the work of Xu ([31] and [32] , we characterize the local L-packets and the endoscopic classification of tempered automorphic representations for the quasi-split unitary similitude groups.
Denote L 2 disc,t ( G, χ) to be the discrete tempered spectrum, whose irreducible sub-representations are tempered automorphic representations of G(A). Conjecturally, their Langlands functorial lift to automorphic representations of GL n (A E ) are generic. Also denote by A disc,t ( G) for the subset of A disc ( G), whose elements are tempered automorphic representations.
In the rest of this paper, we take the quasi-split unitary similitude group GU n as follows
where J n = J n−1 (−1) n−1 and λ(g) ∈ G m is the similitude factor of g. For convenience, we choose the different Hermitian form in (5.1)instead of (1.1).
And U n is the quasi-split unitary subgroup of GU n with the similitude 1. Then we have the following extension
where D is the quotient group isomorphic to G m in our case. The exact sequence on the dual sides of (5.2) is
which is split. Here GU n = GL n (C) × GL 1 (C) and U n are the complex dual groups of GU n and U n respectively, and p is the projection of the first coordinate.
5.1. Endoscopic classification of U n . In this section, we will recall the endoscopic classification of quasi-split unitary groups in [21] and follow the notation in [21, Chapter 2] . Define if F is a local field
and if F is a number field
where χ c (x) := χ(x). Over the number field, we have a partition
where δ E/F is the quadratic character associated to E/F by the global class field theory. Similarly, one has a partition in the local case. Each character χ κ ∈ Z κ E for κ = ±1 may be also identified as a character of the Weil group W E of E.
Denote G E/F (n) to be the algebraic group Res E/F GL n over F . Let θ be the F -automorphism of G E/F (n) defined by
n , which fixes the standard choice of Whittaker datum (B E/F , Λ). Here B E/F is the Borel subgroup consisting of upper triangular matrix and Λ is a nondegenerate character of its unipotent radical. By the restriction, (B, Λ) is a Whittaker datum of U n . We use those Whittaker data to normalize the local Langlands correspondence of U n .
For κ = ±1 and χ κ ∈ Z κ E , denote ξ κ : L U n → L G E/F (n) to be the embedding of L-groups defined in [21, (2.1.9)], which will be recalled in Section 6.
Following [21, Section 2.4], denote E ell (n) to be the set of equivalence classes of elliptic twisted endoscopic data of the twisted group G E/F (n) θ . Each member in E ell (n) is given by
, and the conditions on χ κ are given in [21, Page 17] . For a simple twisted endoscopic datum (U n , ξ χκ ) of G E/F (n), the sign (−1) n−1 · κ is called the parity of the datum. 5.1.1. Local L-packets. In this section, we consider the local case, i.e., F is a local field of characteristic 0. In the local case, denote by L F the local Langlands group
and the L-parameters for G(F ) are admissible homomorphisms form L F to its Langlands dual group L G.
Denote Φ(U n (F )) to be the set of U n -conjugacy classes of L-parameters of U n (F ), or simply Φ(U n ). For κ = ±1 and χ κ ∈ Z κ E , one has a map ξ χκ, * :
By [21, Lemma 2.2.1], we may identify Φ(U n ) with the set of parameters in Φ(G E/F (n)) that are conjugate self-dual with parity µ = (−1) n−1 · κ (refer to [21, Section 2.2] for instance). Define Φ bdd (U n ) ⊂ Φ(U n ) to be set of bounded parameters, that is, those parameters whose images of W F are bounded.
For φ ∈ Φ(U n ), let S φ be the centralizer in U n of the image of φ. Define S φ to be the component group of S φ /Z( U n ) Γ F , where Γ F is the absolute Galois group.
Denote by Π(U n (F )) the set of isomorphism classes of irreducible admissible representations of U n (F ), and by Π temp (U n (F )) the subset of irreducible tempered representation of U n (F ). . Fix the choice of Whittaker datum (B, Λ) of U n . For φ ∈ Φ bdd (U n (F )), there exists a finite set Π φ of Π(U n (F )) equipped with a canonical mapping π ∈ Π φ → ·, π from Π φ to the character group S φ of S φ , such that it sends the (B, Λ)-generic representation to the trivial character. If F is non-archimedean, the map is bijective.
Furthermore, Π temp (U n (F )) is a disjoint union of the packets Π φ for all φ ∈ Φ bdd (U n (F )).
Next, we recall the definition of generic L-parameters and explicate the structure of generic L-packets. For each φ ∈ Φ(U n (F )), there exists a datum (M, φ M , λ) such that
• φ M is a local tempered L-parameter of some Levi subgroup M (F ) of U n , which is isomorphic to a product of general linear groups and a quasi-split unitary groups;
• λ is a unramified character of M (F ) in the open chamber of the standard parabolic subgroup P containing M ;
By the local Langlands corresponds for general linear groups and Theorem 5.1, one has the local L-packet Π φ M and the pairing ·, π M for π M ∈ Π φ M , which is defined trivially on the general linear groups part of M .
An L-parameter φ is called generic if the parabolic induction I P (π M,λ ) := Ind 5) and the pairing ·, π for π ∈ Π φ by, for s ∈ S φ = S φ M ,
where π M is given by π = I P (π M,λ ).
Remark that this equivalent definitions of generic L-parameters and Lpackets are implied by the irreducibility of the standard module of generic representations for U n (F ). In this case, for all π M ∈ Π φ , I P (π M,λ ) is irreducible and there is no ambiguity in the definition (5.5).
Global generic Arthur packets.
In this section, we consider the global case, in which case F is a number field. Here we only recall Φ 2 (U n , ξ χκ ), the set of tempered discrete global L-parameters, instead of Ψ 2 (U n , ξ χκ ), the set of all discrete global Arthur-parameters in [21] .
Denote Φ sim (n) to be the set of conjugate self-dual simple generic parameters for G E/F (n). The global L-parameters in Φ sim (n) correspond to the equivalence classes of the conjugate self-dual, irreducible cuspidal automorphic representations of G E/F (n, A F ). Here an irreducible cuspidal automorphic representation τ of G E/F (n) is called conjugate self-dual if τ ∼ = τ * , where τ * = (τ c ) ∨ the contragredient of the conjugate τ c .
Suppose that φ n ∈ Φ sim (n). By [21, Theorem 2.5.4], the (partial) Asai L-function L(s, φ n , Asai η ) has a (simple) pole at s = 1 with the sign η = ±1. We say that φ n is conjugate orthogonal if η = 1 and conjugate symplectic if
Denote Φ(n) to be the set of conjugate self-dual generic parameters, namely, consisting of elements of form
with n = r i=1 n i and φ n = (φ n ) * . Fix a sign κ = ±1 and χ κ ∈ Z κ E . Referring to [21, Definition 2.4.7] , define the set Φ 2 (U n , ξ χκ ) of the generic Arthur parameters to be set of φ = (φ n ,φ) such that φ n ∈ Φ(n) is of form (5.6) for mutually distinct 5] . Here L φ n × SL 2 (C) is a substitute for the conjectural global Langlands group. We may also identify Φ 2 (U n , ξ χκ ) to be a subset of Φ(n) via φ → φ n .
For φ = (φ n ,φ) ∈ Φ 2 (U n , ξ χκ ), similar to the local case, define S φ to be the component group of S φ where S φ = Cent(Imφ, U n ) and
In addition, over a local place ν of F , let φ n ν be the localization of φ n . Due to [21, Corollary 2.4.11], the local L-parameter φ n ν factors through ξ χκ,ν , which is in Φ + unit (GL n (E ν )). Hence one has the localization φ ν ∈ Φ gen (U n (F ν )) such that φ n ν = ξ χκ,ν • φ ν , and the localization maps S φ → S φν , referring to
Proposition 3.10 in [32] ). The unexplained notation and more details of the localization can be found in Section 2.4 of [21] .
Define the global packet Π φ associated to φ as the restricted tensor product of the local generic L-packets Π φν (see (5.5)):
and the pairing of Π φ and S φ to be x, π = ν x ν , π ν for x ∈ S φ via the localization map S φ → S φν . Then we recall the endoscopic classification of tempered discrete automorphic representations for quasi-split unitary groups established in [21] . 
where H(G) is the global Hecke algebra of U n (A F ).
5.2.
Endoscopic classification of GU n . In this section, following Section 5.1 and Xu's results of [31] and [32] in GSp 2n and GO 2n , we give a conjectural endoscopic classification of GU n by restricting the representations of GU n into U n . 5.2.1. Local L-packets. Firs, let us characterize the local L-packets of GU n which satisfies the conjectural endoscopic character identities. Suppose that F be a local field of characteristic 0.
Define Φ(GU n ) to be the local Langlands parameters of GU n (F ). Due to Labesse, every L-parameter φ of U n (F ) can be lifted to a Langlands parameter φ of GU n (F ) via
For φ ∈ Φ(U n ) and a lift φ of φ, similarly define S φ = Cent(Im φ, GU n ) and S φ to be the component group of S φ /Z( GU n ) Γ F . Referring to [31, Section 3.2], the dual exact sequence (5.3) induces the long exact sequence ( [31, (3. 3)])
and further induces the following exact sequence ([31, (3.6)])
where α is the composition of δ and the isomorphism
By [31, Lemma 3.4] , the image α(S φ ) is contained in
Note that if n is even,
If n is odd, then GU n (F ) = Z GUn (F )U n (F ). Thus X = {1, δ E/F } when n is even and X = {1} when n is odd; and α is either a trivial map or a surjective map. Let π be an irreducible smooth admissible representation of GU n (F ). Define X( π) = {ω ∈ X : π ⊗ ω ∼ = π}. Following [31, Corollary 6.7] , for instance, we obtain Lemma 5.3. Let π ∈ Π(GU n (F )) and π| Un(F ) be the restriction of π into U n (F ). Then π| Un(F ) is multiplicity-free. Moreover, π| Un(F ) is irreducible if and only if n is odd or π π ⊗ δ E/F ; If π ∼ = π ⊗ δ E/F and n is even, then π| Un(F ) = π ⊕ π • Ad(g), where g = diag{aI n/2 , I n/2 } and a / ∈ NmE.
Let φ ∈ Φ bdd (U n ), and ζ be a character of Z GUn (F ) whose restriction to Z Un (F ) is the central character of Π φ . Define Π φ, ζ to be the subset of Π(GU n (F )) with central character ζ whose restriction to U n (F ) is contained in Π φ , It is called coarse L-packet for GU n defined in [31, Section 6.2].
Due to [21] , S φ is abelian. By Lemma 5.3, the restriction of π to U n (F ) is multiplicity-free. Then Hypothesis 1 in [31, Section 6.2] holds for unitary similitude groups and X( π) = α(S φ ) by [31, Proposition 6.13] . Following from [31, Proposition 6.14], the coarse L-packets Π φ, ζ have the following properties Proposition 5.4. Suppose that φ ∈ Φ bdd (U n ) and ζ is chosen as above.
(1) The orbits in Π φ under the conjugate action of GU n (F ) all have size S φ /S φ . If F is nonarchimedean, there are exactly |S φ | orbits.
(2) There is a natural fibration
where Res is the restriction of the representations of GU n (F ). (3) There is a unique pairing π → ·, π φ from Π φ, ζ /X into S φ satisfying
where ι : S φ → S φ and π is in the restriction of π. It sends the generic representation to the trivial character. Moreover, this map from Π φ, ζ /X to S φ is injective; and when F is nonarchimedean, it is a bijection.
More precisely, the twisting of X on Π(GU n (F )) is given by π → π ⊗ ω for ω ∈ X. By definition, Π φ,ζ is stable under this twisting. Conjecture 5.6. Suppose that φ ∈ Φ bdd (G) and ζ is chosen as above.
Then there exists a subset Π φ of Π φ, ζ unique up to twisting by X, and it is characterized by the following properties:
is stable, where C ∞ c (GU n (F ), ζ −1 ) is the space of ζ-equivariant smooth functions on GU n (F ) with compact support modulo Z GUn (F ) and
is the character distribution of π.
Remark 5.7. Following Arthur's endoscopic classification in [1] , Xu [32] characterized the L-packets of symplectic and special orthogonal similitude groups in Theorem 4.6 of [32] , by using the stabilization of the twisted Arthur-Selberg trace formula due to Moeglin and Waldspurger. For unitary similitude groups, following Mok's work in [21] , applying an argument similar to Theorem 4.6 of [32] , we expect that Conjecture 5.6 with the conjectural endoscopic character identities (see Parts (3) and (4) Remark 5.8. In general, one may define the refined local L-packets for all Langlands parameters of GU n (F ). By Langlands' classification, similar to Part (4) of [31, Remark 4.7] and the generic L-packet in Section 5.1.1, for φ ∈ Φ(U n ), since Π φ = I P (Π φ M,λ ), we may define Π φ = I P (Π φ M,λ ). Here P is the parabolic subgroup of GU n whose restriction to U n is P and I P is the corresponding parabolic induction.
Global generic Arthur packets.
In the global case, we use tempered Arthur parameters φ in Φ 2 (U n , ξ χκ ) to construct the tempered Arthur packet Π φ of GU n (A).
Recall from Section 5.1.2, we have the substitute L φ n × SL 2 (C) for the global Langlands group, andφ is an L-homomorphism from L φ n × SL 2 (C) to L U n determined by φ n and ξ χκ . Given a central character ζ, one has a local lifting φ ν of the localization φ ν over all local places ν.
Following Section 3.3 in [32] , we may use the group cohomology ofφ to define S φ . Then denote S φ to be the component group of S φ /Z( GU n ) Γ F . Following [32, Section 2] we also have an exact sequence
Let Y be the set of characters of
and it is an elementary abelian 2-group if n is even. Moreover, α(S φ ) lies in Y . there exists π ∈ Π φ such that π is isomorphic to an automorphic representation as H(GU n )-modules. Moreover, up to twisting by characters of GU n (A)/GU n (F )U n (A), Π φ is unique. And we can define a global character of S φ by
Remark 5.10. The global base change has been discussed in many literatures such as [18, Corollary 5.3] and [22, Prop 8.5.3 ].
If we assume Conjecture 5.9, we may obtain the base change for all cuspidal automorphic representations π of GU n (A) in the tempered discrete spectrum. The global Arthur packet Π φ contains a unique generic member, and all representations in Π φ are nearly equivalent to this generic automorphic representation. Then we have the following corollary Corollary 5.11. Assume Conjecture 5.9. Let π be an irreducible cuspidal automorphic representation of GU 6 (A) in the tempered discrete spectrum.
Then L S (s, π ⊗ χ, ∧ 3 ) is entire unless ω π χ 2 is a nontrivial quadratic character of GL 1 (F )\GL 1 (A), in which case L S (s, π ⊗ χ, ∧ 3 ) can have at most a simple pole at s = 0 or s = 1.
Unitary automorphic induction and poles
In this section, we will introduce the automorphic induction from GU
to GU 2n , and show that such automorphic induction exists under the weak Langlands functoriality. Then using this automorphic induction, we give a conjectural criterion on the existence of pole of L S (s, π, ∧ 3 ⊗ χ).
6.1. L-homomorphism. Let E + /F be a quadratic extension over F . Define K = E + ⊗ F E which is anétale algebra over F of degree 4. More precisely, K = E × E if E + E, and K is a quartic extension over E if E + is not isomorphic to E. If E + E, then K is a Galois field whose Galois group is the Klein 4-group. Denote L to be the subfield of K which is the quadratic extension of F distinct from E and E + . Denote ϑ E to be the non-trivial elements in Gal(K/E ), where E = E, E + or L. For E = E + or L, we have the canonical isomorphism from Gal(K/E ) to Gal(E/F ) given by ϑ → ϑ E | E = ι E/F (defined in Page 1). So ϑ E + , ϑ L ∈ W F W E , and ϑ E + is the natural extension of ι E/F from E to E + ⊗ F E. Remark that when E + E we only consider the Galois group Gal(E/F ), whose nontrivial element is denoted by ϑ E + for consistency.
Define GU
• K/E + (n) to be the subgroup of Res E + /F GU n given by
where G m is the multiplicative group over F . In particular, if E + E, then GU
Referring to [22, Section 2.3] , the complex dual group GU
, and its L-group is given by
The actions of ϑ E + and ϑ E in Gal(K/F ) are given by , a) → (h, g, a) .
Remark that the action of ϑ E is trivial if E + E.
If E + E, the group Res E/F GU
and the action of ϑ E + on its complex dual group GL
, a) where g 1 , g 2 , h 1 , h 2 ∈ GL n (C) and a, b ∈ GL 1 (C). If E + E, then the action of ϑ E is given by
Let L b E/F and L i E + /F be the restriction and induction L-embeddings of L-groups respectively. According to the principle of Langlands functoriality, the homomorphisms L b E/F and L i E + /F between L-groups will be reflected by correspondences between automorphic representations, which are Base change and Automorphic induction.
Let ξ be a character of A × K and we identity it as a character of W K via the global class field theory. Suppose that ξ satisfies the following conditions:
Equivalently, ξ as a character of A × K , via the global class field theory, satisfies
Note that for E + E we give an equivalent condition (6.3) to the one in (6.1) for a shorter expression. 6.1.1. Base change. More precisely, for the group L GU E/F (n), define
given by: for g ∈ GL n (C) and w ∈ W E ,
The definition is independent on the choice of the preimage of ι E/F .)
given by: for g, h ∈ GL n (C) and w ∈ W K ,
For example, for generic cuspidal representations of GU n (A), we have the following standard base change proved by Kim and Krishnamurthy Lemma 6.1 ([16, Lemma 5.4] ). Suppose that π is a globally generic cuspidal automorphic representation of GU n (A). Let π be a generic cuspidal constitute of U n (A). Then b E/F (π) = b E/F (π )⊗ω π is the stable base change lift of π,
given by: for g, h ∈ GL n (C) and
given by:
Following the definition, it is easy to check the following diagram is commutative:
Remark that when E + E the automorphic induction L i E + /F,ξ is the endoscopic lifting.
6.2. Automorphic induction. In this section, we will show the existence of the automorphic inductions under the weak Langlands functoriality associated to the L-homomorphism L i E + /F,ξ . Theorem 6.2. Fix a choice of ξ given in (6.1) and K = E + ⊗ E be a quadratic extension of E. Suppose that τ is an irreducible generic cuspidal automorphic representation of GU
Then there exists an irreducible generic cuspidal automorphic representation π of GU 2n (A), which is a functorial lift of τ corresponding to the L-homomorphism L i E + /F,ξ over almost all local places ν.
Such π is called an automorphic induction of τ , denoted by i E + /F,ξ (τ ).
Remark 6.3. Given ξ, L i E + /F,ξ is determined and the generic automorphic induction of τ is expected to be unique. In general, the notion of automorphic induction is defined for all automorphic representations and all irreducible admissible smooth representations of GU • K/F (n, F ν ) over local fields. Here since we only consider the automorphic inductions between generic cuspidal representations, i E + /F,ξ (τ ν ) over all local places is expected to match local Langlands functorial lift of τ ν via L i E + /F,ξ . That is, π = i E + /F,ξ (τ ) is a strong Langlands functorial lifting of τ . We leave the discussion in the future.
Before proving Theorem (6.2), let us prove the following identity first to obtain a formula of the Asai L-functions of the automorphic induction.
Lemma 6.4. Let K/F , E + /F and L/F as above and E + E. Suppose that τ K is a cuspidal automorphic representation of GL n (A K ) and
Then
, where m is an integer, S is a finite set of places of F including of all ramified places and archimedean places and S E (resp. S L ) is the set of places of E (resp. L) lying over the places in S.
Proof. To prove this lemma, it suffices to show that (6.6) over all unramified places ν of F , that is, ν / ∈ S. Assume that ν splits as v E w E in E, and v E (resp. w E ) splits as v 1 v 2 (resp. w 1 w 2 ) in K. In this case, ν splits as
Since Gal(E/F ) acts transitively on {v E , w E }, both ϑ E + and ϑ L act transitively on {{v 1 , v 2 }, {w 1 , w 2 }}. Then, without loss of generality, we may assume that
where τ v i and τ w i are unramified representation of GL n (K v i ) and GL n (K w i ) respectively, and
Similarly, we have
Note that over the split places, δ m K/E + and δ m K/L are trivial.
where E = E + or L. Plugging (6.7) and (6.8) into (6.9) respectively, we get the right hand side of (6.6)
On the other hand, over the place v E of E, the automorphic induction i(τ K,v E ) is an unramified representation of GL 2n (E v E ) and its Satake parameter
Comparing (6.11) and (6.10), we obtain (6.6) for the places ν of F totally split over K.
Assume that ν splits as v E w E in E. Since Gal(K/F ) is the Klein 4-group, v E and w E are inert in K. Since ϑ E + and ϑ L act transitively on {v E , w E }, ν as a place of F is inert in E + and L. Moreover, as a place of E + and L, ν splits as v E w E in K.
Let τ K,ν = τ K,v E ⊗ τ K,w E where τ K,v E and τ K,w E are unramified representation of GL n (K v E ) and GL n (K w E ) respectively. Since ν is split in K, we have
(6.12) Since the place ν of F splits as v E w E in E, the automorphic induction
(6.13)
Since v E and w E are inert in K, the Satake parameter
(6.14)
Plugging (6.14) into (6.13) and then comparing (6.13) and (6.12), we conclude (6.6) for the case ν split in E but not totally split in K.
Assume that ν is inert in E and then ν is split in K, written as ν = vw. Now, we have the place ν of F is split either in E + or in L. Due to symmetry, it is enough to consider the case that ν is split in E + . It follows that ν splits as vw in E + and is inert in L.
Let τ K,ν = τ K,v ⊗ τ K,w where τ K,v and τ K,w are unramified representation of GL n (K v ) and GL n (K w ) respectively. Remark that K v is isomorphic to E ν , which is the unramified quadratic extension of 6.3. Main conjecture. In this section, analogous to [10] and [33, Theorem 2], we conjecture a criterion on the existence of poles of L S (s, π, ∧ 3 ⊗ χ) by using the automorphic induction defined in Theorem 6.2. In addition, we verify the conjecture for certain cuspidal automorphic representations from endoscopic lifting.
Conjecture 6.5. Suppose that π is an irreducible cuspidal automorphic representation of GU 6 (A) in the tempered discrete spectrum defined in Conjecture 5.9. Then L S (s, π, ∧ 3 ⊗ χ) has a pole at s = 1 if and only if π is an automorphic induction i E + /F,ξ (τ ) from an irreducible cuspidal automorphic representation τ of GU
•
K/E + (3, A F ) in the tempered discrete spectrum and L(s, i F (ω τ ) ⊗ χ) has a pole at s = 1, where K = E ⊗ F E + and E + /F is the quadratic extension associate to the non-trivial quadratic character ω π χ 2 , and ω τ is the central character of τ .
Here i F is an automorphic induction from the central character ω τ of GU Remark that similar to [10] and [33] , one can replace the condition on L(s, i F (ω τ ) ⊗ χ) by an equivalent condition on ω τ , which is relative wordy. So we choose the current version.
To justify Conjecture (6.5), we may decompose the twisted exterior cube L-function of i E + /F,ξ (τ ) as follows (6.20) where τ ϑ E + /F = τ • ϑ E + /F is the Galois twist.
Next, let us legitimate the decomposition (6.20) by explicating the Lembedding ∧ 3 • L i E + /F,ξ of L GU
• K/E + (3) into GL(∧ 3 C 6 ). First, denote W = Span C {e 1 ∧ e 2 ∧ e 3 , e 4 ∧ e 5 ∧ e 6 }.
(6.21)
Under the symplectic form q(·, ·) on ∧ 3 C 6 defined in (3.2), denote W ⊥ to be the orthogonal complementary of W , which equals W ⊥ = Span C B 3 {e 1 ∧ e 2 ∧ e 3 , e 4 ∧ e 5 ∧ e 6 }, where B 3 is the basis defined in (3.1). Thus the representation ∧ 3 • L i E + /F,ξ is decomposed as the direct sum of two irreducible representations
where (ρ W , W ) and (ρ W ⊥ , W ⊥ ) are irreducible representations of L GU
• K/E + (3). Note that these two representations are independent with the choice of ξ. π| U 6 (A) and b E/F (π 0 ) be the strong base change lift of π 0 (defined in [15] for instance). Then b E/F (π) = b E/F (π 0 ) ⊗ω π is the stable base change lift of π, whereω π := ω π • ι E/F .
Assume that b E/F (π 0 ) is of the form
where all σ i are (unitary) cuspidal representations of GL n i (A E ) such that L(s, σ i , Asai ⊗ δ E/F ) has a simple pole at s = 1 and k i=1 n i = 6. Moreover,
if n i is even δ E/F if n i is odd, and k i=1 ω σ i = ω π /ω π . Without loss of generality, we may assume n 1 ≥ n 2 ≥ · · · ≥ n r > 0.
Next, let us verify Conjecture 6.5 for the cuspidal representation π that is an endoscopic lifting from a generic cuspidal automorphic representation τ of G(U 3 × U 3 ). Proposition 6.6. Following the above notation, suppose that n 1 = n 2 = 3 in (6.23) and ω π χ 2 | A × = δ E/F .
Then L S (s, π, ∧ 3 ⊗ χ) has a pole at s = 1 if and only if L(s, i F (ω τ ) ⊗ χ) has a pole at s = 1.
Proof. We prove Conjecture 6.5 by studing the exterior cube L-function of its base change b E + /F (π). By the assumption, we have b E/F (π 0 ) = σ 1 σ 2 , where σ 1 and σ 2 are cuspidal automorphic representations of GL 3 (A E ). In addition, ω σ 1 ω σ 2 = ω π /ω π . By ω π | A × · χ 2 = δ E + /F , we have
More precisely,
Note that
Following (6.25), we may study the poles of L S (s, b E/F (π 0 ), ∧ 3 ⊗ω π χ E ), by writing it in terms of L-functions of σ 1 and σ 2 . Since σ i for i = 1, 2 is cuspidal automorphic representation of GL 3 (A E ), we have
First, let us compare the central characters ofω π χ E ω σ i ⊗ σ 3−i and σ i for i = 1, 2, which are (ω π χ E ω σ i ) 3 ω σ 3−i and ω σ i respectively. we have (ω π χ E ω σ i ) 3 ω σ 3−i = ω σ i if and only if ω σ iω π χ E = 1 if E + E δ K/E if E + E (6.26)
by (6.24) . In our case, we have E + E. We claim that L S (s, b E/F (π 0 ), ∧ 3 ⊗ω π χ E ) has a pole at s = 1 if and only if ω σ 1ω π χ E = ω σ 2ω π χ E = 1. Moreover, if s = 1 is a pole, then it is a double pole. Remark that ω σ 1ω π χ E = 1 if and only if ω σ 2ω π χ E = 1 by (6.24).
If ω σ 1ω π χ E = ω σ 2ω π χ E = 1, then L S (s, ω σ iω π χ E ) has a pole at s = 1 and L S (s, b E/F (π 0 ), ∧ 3 ⊗ω π χ E ) has a pole at s = 1 of order 2 at least. Following from (6.25) , the order of the pole at s = 1 is at most 2. Thus, the order of the pole is exactly 2. On the other hand, if L S (s, b E/F (π 0 ), ∧ 3 ⊗ω π χ E ) has a pole at s = 1, then either L S (s, ω σ iω π χ E ) or L S (s, (ω π χ E ω σ i ⊗ σ 1 ) × σ ∨ 3−i ) has a pole for some i. If L S (s, ω σ iω π χ E ) has a pole, then ω σ iω π χ E = 1. Even if L S (s, (ω π χ E ω σ i ⊗ σ i ) × σ ∨ 3−i ) admits a pole, by (6.26) we still have ω σ iω π χ E = 1. In all cases, it follows that ω σ 1ω π χ E = ω σ 2ω π χ E = 1. That is, L S (s, i F (ω τ ) ⊗ χ) = L S (s, 1)L S (s, δ E/F ) has a pole at s = 1.
This completes the proof of this proposition.
Remark 6.7. In Proposition 6.6, suppose that ω π χ 2 | A × = δ E/F , i.e., E + E. Following a similar argument of Proposition 6.6, one may have L S (s, i F (ω τ )⊗ χ) is holomorphic at s = 1. For this type of representations, L S (s, π, ∧ 3 ⊗ χ) is holomorphic at s = 1. To establish Conjecture 6.5 for E + E, we need more refined results on the automorphic induction to show that such π is not an automorphic induction i E + /F,ξ (τ ) for any τ . We will leave the discuss in the future.
